Computational fluid dynamics models range from the finite difference type grid-based method to the Lagrangian style vortex cloud simulation technique for solving the Navier-Stokes equations. This paper undertakes a comparison of these two methods for the classical datum bluff body case of flow past a stationary circular cylinder at low Reynolds numbers in the range 10 to 220. Comparisons include time-history, time-mean and root-mean-square values of oscillating drag and lift coefficients, frequency of vortex shedding and related vortex street wake flow patterns. Particularly close agreement was obtained for Strouhal number versus Reynolds number, and good agreement for time-mean value of drag coefficients; comparison was also made with experimental results. Attempts are also made to calculate the skin friction and surface pressure components of the cylinder drag, revealing the significance of skin friction drag within this range and its relative insignificance above a Reynolds number of 220.
NOMENCLATURE C D drag coefficient C D f drag coefficient due
INTRODUCTION
An interest in the formation of vortex streets behind bluff bodies has fascinated large numbers of researchers since the early experiments of Strouhal (1) in 1878 concerning the generation of 'Aeolean tones' and the famous 1911 paper by Theodore von Kármán (2) bequeathing his name to the 'von Kármán vortex street'. Serious early attempts at discrete vortex modelling were made by Rosenhead (3) (1931) , who studied the related phenomenon of the Kelvin-Helmholtz instability of vortex sheets. Abernathy and Kronauer (4) (1962) extended Rosenhead's model to simulate the instabilities of a parallel pair of vortex sheets of equal and opposite strength subjected to an initial sinusoidal perturbation along their length in various combinations akin to two separating vortex sheets released by a bluff body. Also asserted by these authors was the constancy of mean drag coefficient and Strouhal number for a circular cylinder over a wide range of Reynolds numbers, e.g. Re = 300 to 100,000, demonstrating the negligible influence of viscosity upon these flows. Below Re ≈ 300 viscosity is very important, while above this range three-dimensional instabilities occur which disturb the regularity of the von Kármán vortex wake. Within this range however there are considerable variations of both Strouhal number and cylinder drag coefficients, which are one interest of the present study. A huge number of researchers have investigated flow around a single circular cylinder through experimental, theoretical, and numerical approaches. Despite its simple geometry, the problem is not only extremely complex but also one with many applications. Knowledge of flow patterns around bluff bodies is important in the design of large structures such as smokestacks or bridges, which in winds are often subjected to large amplitude oscillation due to alternating vortex shedding, sometimes causing collapse of the structure. Slender struts or tubes are likewise subject to vibration due to vortex shedding, which can also cause noise generation in both external aerodynamics and internal aerodynamic applications such as turbomachinery or heat exchangers.
This problem is of such practical importance that there are numerous studies dealing with flow past cylinders that are fixed, oscillating, rotating, or in orbital motion. Among these, the fixed cylinder is usually the starting point of investigations, as it is relatively simple to carry out experiments on, and thus also for numerical studies, it is favoured because comparison with experimental data is possible to confirm validity of the computer method used. Roshko (7) , Norberg (8) , and Bearman (9) are among those who have provided invaluable experimental data on flow around a fixed cylinder. Computations on the same problem have been performed by many researchers, including Kawamura and Kuwahara (10) , Braza et al (11) and Karniadakis and Triantafyllou (12) .
The main purpose of this study is to compare two very different CFD methods against the important datum case of flow past a stationary circular cylinder at low Reynolds numbers. The first author has developed a finite difference method based on Eulerian description with grid transformation that facilitates simulation of the flow of a viscous fluid past a cylinder. This was developed to study the flow past an oscillating cylinder or past a cylinder in orbital motion, Baranyi (5) , and his method is reviewed briefly in Section 2.1 for application to a stationary cylinder. The second author on the other hand has developed a vortex cloud analysis that follows the creation and diffusion from the body surface in Lagrangian fashion, Lewis (6) , and that is well suited for modelling separated flows where boundary layer modelling is less key. This analysis is reviewed briefly in Section 2.2. Both methods deliver solutions of the NavierStokes equations for two-dimensional flow and are thus suited to simulation of cylinder wake studies in the low Reynolds number range 10 to 220.
OVERVIEW OF THE TWO METHODS OF ANALYSIS
This section gives an overview of the grid-based and vortex cloud methods for simulating a low Reynolds number flow around a circular cylinder placed in a uniform stream.
Overview of the grid-based method of CFD analysis
The first author's earlier studies dealt with computation of the flow around a fixed circular cylinder at different Reynolds numbers, from Re = 10 to 1000, and up to Re = 180 for an oscillating cylinder, e.g. Baranyi and Shirakashi (13) , and good agreement was obtained with experimental data for the variation of Strouhal number and timemean drag coefficient with Reynolds number, especially up to Re = 190 above which three-dimensional instabilities occur. Further features of flow are investigated for a fixed cylinder in Baranyi (14) and the time-mean value of base pressure coefficient, which influences the near-wake structure, compares well with the experimental data of Roshko (15) . In Baranyi (14) the energy equation for a stationary circular cylinder with constant surface temperature placed in a uniform flow is also solved from Re = 50 to 180 and the predicted dimensionless heat transfer coefficient or Nusselt number agrees well with available experimental results. In Baranyi and Lakatos (16) computational results obtained by this method are compared in the Reynolds number domain of Re = 50 -180 with existing experimental results for the root-mean-square value of lift coefficients shown in Norberg (17) and a very good agreement is observed. Additional evidence for the reliability of the method has been given by comparison with other computational methods. De Sampaio (18) reports that his results for time-mean drag coefficient, obtained by the finite element method, agree well with those in Baranyi (14) . At the time Baranyi and Shirakashi (13) was published the computing power of computers were somewhat limited. In this paper some of the earlier computations are repeated with much finer temporal and spatial resolution, and new computations have also been added and compared with those of the vortex cloud method.
Governing equations
Constant property incompressible Newtonian fluid flow is assumed. when deriving the governing equations, which in non-dimensional forms are the Navier-Stokes equations, the equation of continuity and a Poisson equation for pressure:
The gravity force is included in the pressure terms in Equations (1) and (2) . Although the dilation D is theoretically zero by continuity (3), it is advisable to retain the term ∂D/∂t to avoid computational instability.
Boundary conditions: (R 1 ) cylinder surface:
Here subscript pot stands for potential flow, and n denotes the outer normal along the cylinder surface.
Transformation of domain and equations and applied numerical methods
To avoid interpolation leading to poor solutions, a boundary-fitted coordinate system is used, allowing boundary conditions to be imposed accurately. By using unique, single-valued functions, the physical domain (x, y, t) can be mapped into a computational domain (ξ,η,τ) t = τ where the dimensionless radius is given by This choice of the structure of the mapping functions automatically assures that the obtained grid is orthogonal on the physical plane for arbitrary functions f(η) and g (ξ) . In this study the following linear mapping functions are used:
where subscript max refers to maximum value. Using mapping functions (7) cylindrical coordinates with logarithmically spaced radial cells are obtained on the physical plane, providing a fine grid scale near the cylinder wall and a coarse grid in the far field. Using Equations (5) - (7), the governing Equations (1) - (4) and boundary conditions can be transformed, although space does not permit these to be shown here.
The transformed governing equations are solved by using the finite difference method. Space derivatives are approximated by fourth order central difference formulae, except for the convective terms for which a third order modified upwind scheme is used (10) . The Poisson equation for pressure is solved by the successive over-relaxation (SOR) method. The Navier-Stokes equations are integrated explicitly and the continuity equation is satisfied at every time step. Fast Fourier Transform (FFT) is applied for determining the dimensionless vortex shedding frequency, Strouhal number St. The code computes the velocity and pressure fields, and time histories of lift, drag and base pressure coefficients, and velocity at a fixed point.
For this study of flow around both the stationary cylinders and the orbiting cylinder, the nondimensional time step was 0⋅0005 and the number of grid points for the majority of runs was 301 × 177, but at the lowest three Re numbers we used 201 × 118, 251 × 148, and 270 × 159, respectively, for convergence reasons. Even for the highest Re investigated, the solution was mesh independent. The computational domain shown in Fig. 1 is characterised by R 2 /R 1 = 40. For further details see Baranyi and Shirakashi (13) .
Overview of the present vortex cloud CFD method
The fundamental basis of vortex element representation of the Navier-Stokes equations has been given by the second author (6) . According to this method the entire flow is controlled by vorticity continuously being created at the body surface, diffused by viscosity and convected. The numerical method is Lagrangian in character and involves discretisation of the surface vorticity into discrete freevortex elements which are released from the body surface at successive small time steps and subjected to convection and viscous diffusion, the latter being undertaken by random walks as defined by Chorin (20) and Porthouse (21, 22) .
Central to the vorticity creation process is the boundary integral equation for potential flow past an arbitrary body in the presence of a uniform stream W ∞ and a surrounding cloud of vortex elements ∆Γ j .
The slip flow at the body surface is created by the vorticity sheet γ(s) where, for the boundary condition of zero internal velocity inside the body, the surface velocity v sn is equal to the local surface vorticity γ(s n ).
In a viscous fluid the surface vorticity γ(s) is being continuously created in the boundary sub-layer and diffused away from the surface where it is also subject to convective processes. For practical computations Equation (8) may be expressed in the following equivalent numerical form where, as illustrated in Fig. 2 , the body surface is represented by M elements.
Over a sequence of small time steps ∆t vortex cloud theory assumes that these vortex sheets are shed as discrete vortex elements of strength ∆Γ n = γ(s n )∆s n . As indicated in Fig. 2 , greater resolution may be achieved by shedding this vorticity from n sub sub-elements, where, for the example of three illustrated, the discrete vortex strengths would be ∆Γ n = γ(s n )∆s n /3. In addition to this vorticity creation and shedding process for each time step ∆t and in accordance with the Navier-Stokes equations, the vortex cloud is subject to convection and diffusion, the latter being accomplished by imposing random walks.
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Lift and drag forces
Lift and drag forces comprise two components due to surface pressure and shear stresses. As shown elsewhere (6) the pressure distribution on the cylinder surface at any instant may be calculated from the equation where ∆p n is the pressure change along the surface of element ∆s n during the time step ∆t. Pressure forces P x and P y on the cylinder in the x and y directions then follow from
Frictional shear stresses may be estimated for each surface element by considering the shear stress after time t on a plane wall parallel to the x axis shedding surface vorticity γ(s n ) = U at time t = 0. The governing equation for this, with kinematic viscosity ν and vorticity ω, is as follows,
As shown by Batchelor (23) , the solution is given by
The shear stress τ on element n over time step ∆t may then be estimated from that at the wall, y = 0, resulting in Applying this to all surface elements, the frictional forces F x and F y on the cylinder then follow from The lift and drag forces then follow from
One problem of vortex cloud analysis is the presence of significant numerical noise due to the use of random walks for simulation of viscous diffusion. Smoothing can be achieved by using a running average of say three time steps before and after the current one when evaluating lift and drag, the practice adopted here. The drag on a circular cylinder originates from two sources, namely pressure forces normal to the body surface or 'form drag', and viscous shear stresses parallel to the surface or 'skin friction drag' C Df . For this low Re range there are also considerable variations of these and comparisons of the predicted values are given in Section 3.2. As a consequence of this the fluid motion is dominated by viscous effects at the low values Re in this range and by convective effects at high Re. This has considerable influence over the wake flow patterns and will be illustrated in Section 3.3.
COMPARISON OF DETAILED

Comparison of lift and drag coefficients and of Strouhal number versus Reynolds number
In this section comparisons are given of predicted lift coefficient and Strouhal number for the two methods of CFD analysis. To begin with in Fig. 3 , comparisons are given of the predicted lift and drag coefficients for a sample mid-range value of Re = 120, assuming a uniform stream U = 1, a cylinder diameter of unity and an overall elapse of dimensionless time t = 400 well sufficient to establish the periodic motion. As may be seen from Fig 3, the lift coefficient settles down quickly into oscillating von Kármán vortex shedding with a mean value of zero. The predicted Strouhal number for the Re is of value 0⋅173 from the vortex cloud analysis and 0⋅175 from the grid-based method which compare well. As is well known, the frequency of the drag coefficient signal is double that of the lift coefficient as predicted by both methods. On the other hand there are considerable differences in the predicted time-history curves obtained by the two methods.
The grid-based analysis predicts that the motion settles down into a very regular periodic motion in which both C L and C D oscillate with constant amplitudes. The vortex cloud method on the other hand, exhibits some randomness in these amplitudes, although the mean values are in reasonable agreement as can be seen from the dashed 66 THE AERONAUTICAL JOURNAL JANUARY 2006 
. . . (19) curves in Fig. 3(a) . The predicted variations of amplitude of C L and C D are probably due to the random walk method for simulation of viscous diffusion in vortex dynamics. However, good agreement between the methods was obtained for the two performance parameters that most affect the excitation characteristics of cylinder wake flows, the Figure 4 shows excellent agreement between the two methods of analysis for the predicted value of Strouhal number up to Re = 190. The grid-based analysis illustrated clearly that the onset of a von Kármán type vortex wake occurs at Re ≈ 47, below which the influence of viscous diffusion predominates over that of vortex convection (bearing in mind that vortex street formation is fundamentally a convective process). Vortex cloud simulations are in general agreement with this although it was just about possible to detect slight wake fluctuation from seven diameters downstream of the cylinder for Re = 40 and an intermittent fluctuation of C L . Above Re = 47 however, the Strouhal number rises steadily from 0⋅12 to about 0⋅2 for Re = 210, the two numerical methods being in very good agreement. However, note that grid method computations were carried out from Re = 10 to only 190. This is because of experimental evidence from Williamson (24) and Floquet stability analysis by Barkley and Henderson (25) proving that a three-dimensional instability (mode A) begins to appear at around Re = 190. Above this Reynolds number the application of a three-dimensional code is needed to capture the three-dimensional instabilities.
The first author investigated the critical Reynolds number for the onset of vortex shedding. However, grid method computations in the vicinity of this critical Re require a very long CPU time to reach the quasi-steady state of vortex shedding (although the possibility exists that introducing turbulence into the free stream may reduce the time needed for the establishment of vortex shedding). That is why in this study the case belonging to Re = 47⋅2 was the nearest Reynolds number investigated above the critical one. By extrapolating the present C Lrms values to zero the critical Reynolds number is about Re c ≈ 46⋅8. Other studies have found similar values. For sufficiently large aspect ratios Norberg (26) found experimentally that the critical value of Reynolds number where periodic vortex shedding starts is about Re = 47. By extrapolating the computed values of the amplitude of oscillations of the lift coefficient Lange et al (27) found that the critical Reynolds number for the onset of vortex shedding is 45⋅9. By using the Stuart-Landau model Thompson and Le Gal (28) 
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(a) Vortex cloud method (b) Grid-based method found that the supercritical Hopf bifurcation characterising the onset of periodic vortex shedding is at Re = 46⋅4. Below the critical value of Re ≈ 47, for which there is no von Kármán vortex street formed, it is natural that all rms values should become zero. This condition is certainly predicted by the grid method, but there are significant values of both C Lrms and C Drms predicted by vortex cloud analysis. The reason for this is undoubtedly due to the level of numerical discretisation in the vortex cloud method for which the time step was set at ∆t = 0⋅05, with d = 1⋅0, U = 1⋅0. In particular the random walk simulation, which can be shown to approach molecular diffusion in the limit, is equivalent to the presence of random turbulence in the mainstream flow at this level of time step discretisation on the global scale. The effect is particularly felt at the body surface where the vortex cloud simulation of the boundary layer is at its weakest without enormous reduction of the time step, which is not a practical possibility within the current computing power available⋅ The dramatically smaller time steps of ∆t = 0⋅0005 used in the grid-based CFD method thus set the equivalent 'numerical turbulence' to negligible proportions and the effect of this can be seen in Fig. 3 above. Thus even with Re = 120 the vortex street oscillation takes a substantial amount of time t ≈ 70 to initiate, whereas with the vortex cloud prediction the vortex street triggers almost immediately. Once started however the dominance of the convective processes takes over and the vortex cloud method then comes into its own as shown by the predictions of Strouhal number, Fig. 4 .
Detailed predicted values delivered by the grid method are recorded in the Appendix for the dimensionless frequency of vortex shedding i.e. Strouhal number (St), time-mean and rms values of lift, drag, drag due to skin friction, and base pressure coefficients for Re = 100-190.
Comparison of predicted form and skin friction drag components
The final comparison of the two CFD methods is shown in Fig. 6 , namely predicted values of both the total drag coefficient C D and the skin friction component of this C Df compared also with experimental results published by Massey (29) for the selected Re range. As Massey's (29) results in the figure show, the total drag coefficient falls very considerably over the range 10 < Re < 200 from about 2⋅75 to 1⋅25 (a ratio of 2⋅2) and both methods predict this trend well, the grid method particularly so. It is encouraging to see this mutual agreement over such an important widely varying Re range of twenty to one, within which the shift transfers from the dominance of viscous effects to those of convective processes (as will be illustrated by other considerations in Section 3.0 and Table 1 below) . Thus also from Massey's data the skin friction drag component falls from roughly C Df = 0⋅75 to 0⋅14 over this Re range (a ratio of 5⋅4!) and is thus only a small fraction of the total drag but decreasing to negligible values at the top end of the Re range. The two CFD methods here produce predictions that lie on either side of Massey's experimental results, reflecting the general dramatic trends while not in such good agreement.
Illustration of predicted flow patterns (vortex cloud method) for low Reynolds numbers
One advantage of the vortex cloud method is the economy in modelling wake patterns by the cloud of discrete vortices, which can then also be viewed in movie style. Application of this method for the selected Re range resulted in the comparisons presented in Fig. 7 which reveal the developing significant changes in wake pattern. These were undertaken with a long elapse of time allowing a mainstream traverse of no less than one hundred cylinder diameters. As may be seen from these predictions, the onset of periodic vortex shedding only begins to appear above Re = 20, below which viscous diffusion is sufficiently dominant over convection to avert this. At the higher Reynolds number of 60 however a very regular wake periodicity is established which continues right through the higher Re range up to Re = 220. Through Re = 100-140 the actual vorticity wake sheet thins down to a fairly constant thickness in the near wake oscillations. At the higher Re range of 180-220 however, one observes that as convection begins to dominate over diffusion, the near wake oscillations begin to roll up into distinct vortex cores while remaining still in a regular vortex street pattern. A simple analysis that bears up this expectation follows from a comparison of the average convective and diffusive displacements of a typical vortex element as a function of Reynolds number. Assuming an average convective velocity of say ½U, the average convective displacement ∆x av of a vortex cloud element during a time step ∆ t would thus be ∆x av = ½U∆t. As also shown by Lewis (6) , the radial shift of a typical vortex element during the viscous diffusion random walk may be expressed through where P i is a random number in the range 0-1⋅0. The average random walk shift ∆r av for P i = 0⋅5 is thus Table 1 compares the predicted average convective and diffusive shifts ∆x av and ∆r av for 10 ≤ Re ≤ 300. The extremely interesting observation to be made here is that ∆x av and ∆r av for a typical vortex element are equal when Re ≈ 220. Thus convective processes may be expected to dominate above this Re value and diffusive processes below it, in agreement with the vortex wake motions presented in Fig. 7 . At the lowest value of Re = 10 tabulated here however, the average diffusive shift of the vortex cloud random walk process is almost five times the average convective shift of the vortex elements. It should be mentioned that for this Reynolds number the numerical vortex cloud scheme arranges for the random walk simulation of viscous diffusion to be undertaken in five sub-steps to maintain equal resolution with the convective process.
CONCLUSIONS
Two completely different computational fluid dynamic simulation techniques based on a grid and on vortex dynamics have been compared for the classic datum case of flow past a stationary circular cylinder over the low Reynolds number range 10 ≤ Re ≤ 220 with the following conclusions:
1. Both methods are in good agreement in prediction of the Strouhal number which varies between 0⋅12 < St < 0⋅2 over the Re range considered, and both predict the establishment of a von Kármán type vortex street above Re ≈ 47. Furthermore, using the grid method and extrapolating the C Lrms values to zero, the critical Reynolds number belonging to the onset of vortex shedding was found to be about Re c ≈ 46⋅8.
2. Both methods are in reasonable agreement with the experimental measurements published by Massey (29) and with one another for the total drag coefficient C D . Predictions of the contribution to this due to skin friction C Df are in less good agreement but show similar trends. . . . (21) body boundary layer due to the use of the random walk method for simulation of viscous diffusion and thus the consequent surface vorticity creation over each time.
5. It was found that the predicted average convective and diffusive shifts of a typical vortex element during a time step become equal at about Re = 220. Above this, convective processes become more dominant.
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